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SHEAR WAVES IN AN ELASTIC WEDGE!

J. D. Achenbach®
Department of the Aerospace and Mechanical Engineering Sciences

University of California, San Diego
La Jolla, California

ABSTRACT

An elastic wedge of interior angle xm® is subjected to spatially
uniform but time dependent shear tractions, which are applied to one or
both faces of the wedge, parallel to the line of intersection of tl;e faces.
The transient wave propagation problem is solved by taking advantage of
the dynamic similarity which characterizes problems without a fundamental
length in the geometry. The shear stress Tez is evaluated, and it is
found that the singularity near the vertex of the wedge is of the form
r(l/”)'l/(l-u) . The results show that the stress is not singular for
interior angles less than 7. As a special case we obtain the dynamic

shear stress generated by the sudden opening of a semi-infinite crack in

a homogeneously sheared unbounded medium.

The results of this paper were obtained in the course of research
sponsored under Contract No. N00014-67-A-0109-0003, Task NR
064-496 by the Office of Naval Research, Washington, D. C.
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INTRODUCTION

Problems that are concerned with the propagation of small de-
formations in linearly elastic solids are generally solved by means of
Fourier transform techniques. If the region in space is unbounded, and if
no characteristic length of the geometry enters the formulation, it may
reasonably well be expected that a closed-form solution can be worked out.
In obtaining this solution the use of Fourier transforms becomes, however,
less attractive for more complicated regions in space, such as wedges. In
this paper we consider, therefore, an alternative method of solution which is
based on the dynamic similarity that characterizes problems without a funda-
mental length. This method, which has been used extensively in supersonic
aerodynamics, [1],[2], was applied by Miles to wave propagation problems
in homogeneous elastic solids [3].

We consider the transient waves generated by spatially uniform
but time dependent shear tractions which are applied to one face of a wedge
in a direction parallel to the line of intersection of the faces. The other face
is assumed free of surface tractions. Once the solution to this problem has
been obtained we can, for arbitrary vertex angles, easily construct the
solution for the cases where both faces are subjected to shear tractions, or
where one face is clamped. As an interesting special solution we obtain the
dynamic shear stress generated by the sudden opening of a semi-infinite
shear crack in an unbounded medium. For the general case special attention

is devoted to the singularity of the shear stress near the vertex of the wedge.

e T T T r—— 1;;_—!




The transient diffraction of plane waves by a wedge in an acoustic
medium was treated earlier by essentially the same method by Miles [4]

and Keller and Blank [5].
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GOVERNING EQUATIONS

A homogeneous, isotropic, elastic wedge of interior angle xw,
see Fig. 1, whose faces are definedby 6 =0 and 6 = x7, respectively,
is subjected on the face 8 = 0 to a uniform but time dependent shear
traction Toz For the time being we assume x = % ; the case x <% will
be considered later. The shear traction generates horizontally polarized

shear motion in the z-direction only, which is governed by the equation

.l..a_( ﬂ")+ 1 azwz 1 azw (1)
r or rbr 2 P 2 2 !
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where w is the displacement in the z-direction, ¢ = (I,J/p)i is the velocity
of shear waves, and r, 6, z are cylindrical coordinates. It is assumed

that the wedge is at rest prior to t =0

t<O0 w(r,0,t) = w(r,0,t) = 0 . (2)

The displacement field generated by a uniform surface traction of arbitrary
time dependence can be obtained by Duhamel superposition, once the dis-
placements for a surface traction varying with time as the Dirac delta

function have beenfound. We thus first consider the following boundary

conditions
80, rz0: 1o =E S -q 5 (3)
o
6=um, r> 0: rez=%a—wézo . (4)
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The problem at hand consists of finding a solution of Eq. (1), satisfying
the initial conditions (2) and the boundary conditions (3) and (4).

Some observations on the pattern of waves propagating in the
wedge can be deduced from elementary principles of wave propagation.

.The surface traction (3) generates a plane wave with constant displacement

c Tl
wl E - m 0 (5)

This wave is called the primary wave, and in Fig. 1 its wavefront at an
arbitrary time t is indicated by BD. Since the wedge is at rest prior
to time t = 0, the medium is undisturbed ahead of the wavefront BD, and
as discussed above, the displacement is constant behind it. In addition to
the primary wave, the vertex of the wedge, as well as the non-uniformity
of the surface traction across the vertex, generates a cylindrical wave
with center at O . Since the displacement is continuous across the cy-
lindrical wavefronts we have for x > ¢ : w = 0 along BC.

There is no characteristic length in the problem, and it is thus
to be expected that the solution shows dynamic similarity, i.e., the dis-

placement is a function of r/t and 8 . It is then expedient to introduce

as a new independent variable

s=r/t : (6)

As a function of s and @ the displacement w(s,8) satisfies

2 2 2
52(1-37)2_\%+s(1-_2_52_)%+6w=0 . ()
c 9ds ¢ Y]
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For s <c , Eq. (7) is elliptic. Upon introducing Chaplygin's transformation

g = - ottt " (-g) ) (8)
Eq. (7) reduces to
2 2
3w 0w
+ = 0 3 (9)
2t et

The solution of Laplace's equation may be written as the real part of an

analytic function x(8,6),

w(g,8) = Re x(8,6) : (10)

For s >c, Eq. (7) is hyperbolic, and may be reduced to the canonical

form by the transformation s =c sec & .
From Fig. 1 the region in which Eq. (7) is elliptic is now identified i

as the cylindrical region ABC. All that now remains to be done is to find a

harmonic function w(8,8) in the segment 0 < 8 <xm, s < c satisfying

boundary conditions which for x > ¢ take the form

n - ., dw
G-O,Ssc.'a—é- 0 (11)
'
cT
1

s=c,0£65%'w=wl=- m (12)
- |

s=c,-?:f-6!i)ur:w=0 (13)
: e=xw.ssc:§—‘é’-=o . (14) .

In Eq. (11) we have used that for t >0 the surface traction has returned to

-zero, see Eq. (3). The function w(B,0) can be obtained in several ways; here




we elect to map the segment s <c, 0 <0 <x7 on the half-plane 1= 0

by a conformal mapping which was introduced by Craggs (2]
L =&+ in=sech [(B+i0)/n] ; (15)

Equation (15) can also be written as

-1
£ = [cosh % cos g+ i sinh % sin g ) 3 (16)

The mapping of the segment s s c, 0<8 <sxr onthe { plane is shown
in Fig. 2, where the positions of the various points are indicated. The
boundary conditions (11)-(14) are converted into conditions on the real axis,

and we find for »x = 1

. dw _ i
lel =1 Pospt 0 (17)
lsgsl/cosz—"’l: W =W, (18)
) g R —
£ l/cos-z—’-t g w =0 (19)
£s-1 - w =20 1 (20)

For 1 > x ~ & the point B’ is located on the negative real axis, and (17)-
(20) must be modified accordingly.
In this paper we are interested in the stresses, in particular in

the shear stress Toz * which may be written in the form

To, = ¢ Re [%é %S—] . (21)

According to (17) dyx/d{ is real for |§| s 1, and from (18)-(20) we con-
clude that dx/d{ is imaginary elsewhere along the real axis, except at

the point




£=¢&p =l/cos-2"—x e (22)

At this point Re x is discontinuous, and Re dx/d¢ is a delta function,
which implies that dx/d{ has a simple pole at ¢ = £B . An expression

satisfying the foregoing requirements is

d i B
3 : (23)
AT R S

The constant B is found by integrating counterclockwise along a small

semi-circle around { = EB » and equating the results to - wy - We obtain
w cT
=L (g2 .- 1 LA
B = (gB 1) =. = tan o= . (24)
From Eq. (15) we compute
- tanh (% +i

1 .4
=. & : (25)
36 X cosh (% + i %_)

Upon substitution of (16) and (24) into (23), and subsequent substitution of

(23) and (25) into (21) we obtain

: 7
o cT, sm(ﬁ)
6z r X

Re {i/[ cos le -cosh(%+i-g-)]] : (26)

The real part can easily be evaluated, and the result is

s m
cT sm(z—x)

_ r
Tez =~ 7 . X Fl(a' 8) ’ (27)
where
F(r & sinh-aisin-g
T g = . (29
1'ct m 8 0.2 s B .. Bk (
(cos In " cosh % CO°F n) + (sinh 3 5in -i)




Equation (27) represents the stress within the cylindrical wavefront, r < ct.

For r>ct andIOSOS% we have
Tre =T, cos 6 6(t - -E- sin 0) ‘ (29)

It is of particular interest to investigate for t > 0 the singularity
of Te, 2% 7~ 0 . To this end we evaluate asymptotic expressions for
sinh(B8/x) and cosh(8/x) for small é . Using a well-known representation
doe apeh , we find from (8) and (6):

b= an (a8 1%y (30)

r r

Equation (30) is subsequently used to write

1 1 l 1
cosh &= 31 (1401 - (5 1) X 4 (€ (1af1-(E)P1R ) (31)
1 : 1 1 1
sinh%=§[(§t-)"{1 [1-) LS Ct)"{1+[1-(—) SULS - (32)
Thus for (fz) << 1
1 4.4
cosh % ~ (S 2% (33)
451§
sinh % ~- (S 2" (34)
For x z ¢ the singularity in the shear stress is thus obtained as
2¢ T : -!- -1
‘l'ez = (2ct) sm(-z—) sin{—= ) 1 (35)
8
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We note that the singularity vanishes for 6= 0 and @ = x7, and reaches
a maximum for 8 = xn/2 . The singularity disappears altogether if » < 1.
The shear stress is thus singular only if the interior angle of the wedge ex-

ceeds 1w .




BOTH FACES SUBJECTED TO SHEAR TRA CTIONS

If the faces defined by 6§ = 0 and @ = ur are subjected to shear
tractions ‘l'ez = ‘l'l 6(t) and Tez = 1'2 6(t) , respectively, the shear\stress
To. is obtained by simple superposition. We obtain for r < ct
sin (-21-)

X r r
_"'i—"— {Tl Fl(ale)+rzpz(aoe)} ’

c
Tez ="t

where Fl(r/ct, 6) is defined by (28), and

r sinh % sin g
Falg @ = 7 5 0.2 LI
(cos o™ 4 cosh = cos =) +(sinh = sin =)
" 0 n n n

In addition, we have for r > ct and 0 <0 < #/2 the plane wave (29),

and for xn= 62 xm - -'2-7- we have
- i, E
Te, = T2 cos(xm-8)6[t- < sin(x7-8)]

It is clear that for this case the singularity is of the form

1 1
2¢(T,+71,) - =21
1" "2 X wine X .8,
To ~r (2ct) sm(zn) sm(x) r

Thus, the singularity vanishes if the two shear tractions are of the same

magnitude and sense, i.e., if T, =-T, -

10
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THE SHEAR STRESS FOR STEP SURFACE TRACTIONS

It is of considerable physical interest to compute the dynamic
stresses for the case that the surface traction varies as a Heaviside step

function,

=0, r =20 : Toz T, 1(t)

L1l
o

6=, r>20: 7
0z

For 0 < % the shear stress ‘rez is now obtained as the sum of the

integrals of (27) and (29)

: ”
c Tl sm(z—x)

Tg, = T cos em-{ sin 8) -

t
r r
T N9 ] Fi 0y

c
n .
For 62 3 we obtain

cT, sin( L ) t
e 2 e TR, e av
r

Toz r LT
o
The behavior of ‘rez for small values of r is found by intro-
ducing the new variable

_ cVv
P r

The integrals in (42) and (43) then become

sin(2-) ct/r
_ 2% ct
T = Ty UT D] Fipe) dp

11

(40)

(41)

(42)

(43)

(44)

(45)




We are interested in approximating (45) for large values of ct/r . For

large p the cosh[B(p)/x] and sinh{[8(p)/x] may be approximated by,
see (31) and (32),

1 1
B x.x !
cosh =~ p™ 2 (46)
11
sinh %~- px 2t (47)
The integral can now be evaluated, and for 3 2%, x #1, and r/ct <<}
we find
1 1
T -=+1 —--1
re Sl x () sin(d)
Tez ) (2ct) sm(zx) sm(x) r : (48)
For vw=1 and r/ct<<]1 we obtain
T, ~= T, sin@tn(Sh (49)
6z 7 1 r 2

We note that no singularity occurs if the interior angle of the wedge is less

than o .

S
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SPECIAL CASES

The integrals in (42) and (43) can be evaluated with particular
ease for three special values of x : 2 =0.5, x=1 and x=2.

For x =0.5 we have a quarter-space subjected to uniform
surface tractions. From Eqs. (27) and (42) it is immediately noted that
the cylindrical wave vanishes, as it should, and we thus are just left
with the plane primary wave.

The case x =1 is concerned with a half-space. We assume
uniform surface tractions that are of different magnitudes for § =0 and
@ = # , respectively. Equation (36) then reduces to
(T, +7,) sinh 8 sin @

1
" coshze- ainze

n
[}
~]o

Toz
Equations (31) and (32) become

coshpB = i—t

2
sinha=-[(-cr—t) o l]ﬁ
Thus for r s ct:

(‘rl + Tz)(sin 9)[(ct)2 - rz]i

Alo

T =
6z [(ct)Z > rZ sinze]

The cylindrical wave vanishes, of course, altogether for T, =-T,  For

r/ct << 1 we recover the behavior shown in Eq. (39) for x

]
—
.
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For step surface tractions the integration of (36) yields

2,2 2.%
(2.0 (2.bPrP)
Oz-i (T +T )I {s br sin® = s+br sin } s (54) :
{
where we have introduced the slowness b,
1
| {
This integral can be evaluated to yield for br st
T,+T 2 .2 2.4
2 . (t"-br)* +t
Iez = { 5in @ &n [ ¥ ]

. =1 -t si -b
“geos Qein”! HEEE0R)

t sin 8+ br

{ . -i coOs Osin'l [m]} . (56)

For 8 < % the shear stress is then obtained as
TOz = Tl cos 8 1(t-br sin 8) +I l(t br) . (57)

For 9212'- we have

Toz = ° T, cos 6 1(t-br sin9)+Iez 1(t-br) . (58)

For br/t <<l the behavior is as indicated by (49).

e

The case x =2 corresponds to a semi-infinite slit in an un-

bounded medium subjected to different shear tractions on the two faces. For
T, =T, =T ' (59)

Eq. (36) reduces to

14




¢ rsinhjLB sin iG(l +cosh 8 + cos A)

Toz " - % %— (cosh 8)2 - (sin 6)2 0
For x = 2, Eq. (32) becomes
sinhia=-z"b(-°;5- Ht . (61)
After some further manipulation we then obtain for r < ct
" . "
R T Rt e ki S (62

The behavior for r/ct <<l agrees with what is obtained from Eq. (39)
for x = 2.
The integrals to determine the stress for step surface fractions

can again be evaluated explicitly, and we obtain for br <t

J
2r ¢ "oz _ $ ) 2 -1 t-br $ ”
(?) 3T - {(t-br) +[br(l-sm6)] tan [m-l_-Sl—ne)] }COSQ(E-G)
5 . £, -1 t-br 2 .. m
- {(t-br)*+[br(l+sin8)]* tan [m }1%)sin4 (-z- 8) (63)
where T is the applied surface traction. For 0 < @ = 127- and 2760 - %
the shear stress Tez is obtained as
Tez =T cos P I(t-br sin8) + Jez 1(t-br) . (64)
For % <6 5-32! we find
Toz = Jg, 1lt-br) : (65)
If r/ct << 1 the singular behavior is of the form

nT
_27193 ~ (-g—:.)ﬁ {cos Q(-’Z—r- 8) - sint(%- 0) } ' (66)

15




which agrees with (48).

Equations (64) and (65) when superposed on a uniform shear stress
Tyz = - T vyield the solution for the stress Toz due to the sudden opening 1
of a semi-infinite crack in an unbounded medium which was in a state of

uniform shear prior to fracture. As is common in crack problems we find

that the stress is singular near the crack tipas r_ ¢ .

16




CONCLUDING REMARKS

Although only the case x > 0.5 was treated here, it is clear
that wave propagation in wedges with interior angles less than #/2 can
be treated by using superposition in conjunction with symmetry or anti-
symmetry properties. Thus if the face 8 = n*ﬂ (0.25 < n* < 0.5) is free
of traction, and 8 = 0 1is subjected to T, 6(t) , we can simply use (36)

% %
with = 2x , and 1'2 = - 1’l to obtain the solution. If the face 6 = ¢

E
is clamped, i.e., w =0 , we substitute x = in‘ and 1’2 = ‘rl in Eq. (36).

For x** < 0.25 the solution for 0.25 < x* < 0.5 has to be used in the
just described procedure.

It is finally concluded that the method of homogeneous functions
in an efficient method to study the dynamic response of an elastic wedge
to spatially uniform shear tractions. For surface tractions varying in
time as Heaviside step functions it was found that for interior argles »w ,
the singularity of the shear stress Toz is of the form [r(l/n) '1/(1-)()],

which shows that the stress is singular only for x > 1 .

17
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Fig. 1. Wave frouts at time t
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